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Abstract 

The Bernoulli numbers 60, 61, 62, • • • of the second kind are defined by 

t 



log(l + *) 

In this paper, we give an explicit formula for the sum 

J1+J2H V3N=n 

We also establish a g-analogue for 

n 

= -(n - l)b n - (n - 2)& n _i. 

k=0 

The Bernoulli numbers B , Bi, B 2 , ■ ■ ■ are denned by 

E—t n = - 
n! e* — 1 ' 

71=0 
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Euler (cf. [5]) noted that if n > 1 then 
n ~ 1 (2 \ 

\J^jB 2j B 2n _ 2j = -(2n + l)5 2n . (1) 
A g-analogue of ([I]) has been given by Satoh in [I]. 

As a generalization of ([I]), in [2 J Dilcher proved that for n > N/2 we have 

Yl \On On On ) B *h B 2h ■ ■ ■ B VN 

jl,j2,— ,JJV>0 
/„ \ I L(iV-l)/2j 

l 2ra J ! (N)_D2n-2k_ , s 

(2n-N)\ fe 2n-2A;' 1 J 

where the array {cjj. } is given by Cq 1 ' 1 = 1 and the recursion 

JN+l) 1 (N) 1 (AT-1) 

with cjf = for fc < and k > [(N - 1)/2J . 

On the other hand, the Bernoulli numbers 6q, b±, b 2 , ■ ■ ■ of the second kind are 
given by 

00 t 
V 6 t n = - 

And we set bk = whenever k < 0. It is easy to check that 

E (-l) k b n - k 
- TTT - = Sn,0, (3) 

fc=0 

where <5 nj o = 1 or according to whether n = or not. 

In [3], Howard used the Bernoulli numbers of the second kind to give an explicit 
formula for degenerate Bernoulli numbers. And some 2-adic congruences of b n have 
been investigated by Adelberg in pp. 

In this short note, we shall give an analogue of (j2J) for the Bernoulli numbers 
of the second kind. Define an array {a k N \x)} of polynomials by 

a ( o\x) = 1, a k N \x) = for k < and k ^ N, 
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and 

a[ N \x) = ~j^((x -N + l)ai N - 1] (x) + (x - tya^x - 1)) 
if N > k *t and iV ^ 2. 

Theorem 1. For positive integers n and N, we have 



N-l 



h h h h ■■■ b 3N = Yl a k N) ( U ) b n-k- (4) 



3i+j2-\ \-3N=n k=0 



Proof. Let SAr(n) denote the left-hand side of (@J: 

SN(n)= b h b h-" b . 



il+J2^ \-jN=n 

jl,h,—,3N^0 



Below we use induction on iV to show (jlj). 

Clearly si(n) = b n , whence (jlj) holds for AT = 1. 

Now let iV > 1 and suppose that (??) holds for smaller values of N. Note that 



log"(l + f) 



$>f') =5>*(n)f\ 



j=0 7 n=0 



For convenience we use [t n ]f(t) to denote the coefficient of t n in the power series 
expansion of /(£). Then 



log N+1 (l + t) 1 J log" +1 (l + t) 



-/V dt\log N (l + t) 



,/- V-li 1 « / I \ r,n-iV-2i 1 ^ 



iVdtVlog^Cl+t)/ J A r ^Vlog JV (l + t)/' 



Now 



n — N)sN(n)t 



n-N-l 



Thus by the induction hypothesis on N, 

sjv+iM = - f(n - N)s N (n) + (n - JV - l)s^(n - 1) 

at JV "- 1 >\r i Ar - 1 

2^ °* W b n-k ^ 2^ ^ ^ ~ L )°n-l-k 

k=0 ' k=0 

at JV "- 1 1 ^ 



4 7V) (n)6 n _ fc ^4-i( n - !) & n- 



jy »-» N 

k=0 k=l 



1 ^ 

af£((*- + (n - iV - l)aE(n - l))fo n _ & 



N 

k=0 



N 



^2 a l N+1 \ n ) b n-k- 



k=0 

We are done. □ 
For example, substituting iV = 2, 3 in (j3J), we obtain that 

s 2 (n) = -(n - 1)6„ - (n - 2)6 n _i, (5) 

and 

s 3 (n) = ~(n - l)(n - 2)6 n + ~(n - 2)(2n - 5)6 n _x + ~(n - 3) 2 6„_ 2 . (6) 
For arbitrary integer n, let 

M, = — • 

where q is an indeterminant. 

We call [n] g a g-analogue of n since lim ? _>i[ri]g = n. Note that [l] q = 1 and 
[n - a] q = [n} q - q n ~ a [a} q . 

Define the g-logarithm function by 



°° I i \n— l+n 

'°s,(i + ') = EM^ 

n=l L 



which is convergent for \t\ < 1. 
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We also define a g-analogue of the Bernoulli numbers of the second kind by 

t 



A g-analogue of (jSJ) is 



^ [k + l] q =<0 - (7) 



fc=0 

Now we give our g-analogue of (j5J). 



Theorem 2. For on?/ integer n ^ 0, ?ye /ia?;e 

n 

E q k - X b k {q)b n - k {q) = -[n - l] q b n (<l) ~ l n ~ 2] A-i(?)> (8) 

where we set b k (q) = for k < 0. 

Proof. We use induction on n. 

When n = 0, since [— l] q = — g -1 and bo(q) = 1 by ((ZJ), both sides of (JED coincide 
with g -1 . 

Now assume that n > and (jHJ) holds for smaller values of n. In view of (|7j), 
we have 



when k < n. Thus 



E^ %(q)b n - k (q) 

k=0 



,=1 I? + ^ 



j=l V + J<Z fc=0 

n f— lV 

,=i L7 + x k 



ra-j 
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where we apply the induction hypothesis in the last step. Observe that 



4=1 V + L \* k=0 



3 = 

n 



= E T7XTT^ n - 3 ~ ^n-M + [ n ~j~ 2] A-i-i(<z)) 
j= i V + L h 

= E ^TW q mq ~ qn ~ J ~ 1[j + 1]q)bn - jiq) + {[n ~ 1]q ~ qn ^ 2[j + 



^ v -l)J'6 n _j(g) r , (-l) J '6 n _j_i(g) v - ■_, 

=KL + +[ 7l - 1 Lz^ — 2J-i) J 9 

n-l 

- ^(-l)^^- 2 6n-,-l(?) 

i=i 

n n 

j"=i i=2 

Thus 

n 

^9 fc_l6 fc(9) 6 n-fc(9) =? n_1& n(g) - [n],6 n (g) - [n - l],6„_i(g) + g n - 2 6„_i(g) 

fc=0 

= - [n - l] g 6 n (g) - [n - 2],6 n _i(g). 
This completes the proof. □ 
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